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OF IHB 



dliMhiitttre 0f tjie Cirr It 



PaSLOaif ART RttfAllgB. 



In atkHttp^aog an ^<|MMdtion of the QuadnU^qre, it is s^ putpopf 
to rdj wbMj upen an applie«ti<m of sudi principles in regard ^ . 
polygonal economy (together with their legitimate oorrolorie3») Mf 
haye l(»g flinoe been iveU demonMrated iin4 nniveisaUj iMsknoirl- 
edged and acHsoited to as induUtable geometric truths. 

It is not, therefore, my purpose to demonstrate anew WJ Cif 
those jffinciples ; but it is my intention to make no sll£gation» the 
tmth of which mi^ not be readily dedueed from demonstrated 
princflea. 

These remarks however, are only introduced to apply to such 
pdwiples and cojrrolories as are incident to a direct exposition of 
the Quadrature, amongst which are inchided certain necessary 
conceptions in regard to the Circle; as that the periphery of the 
cirde, for example, is, in regard to numerical magnitude, a mean 
{ffoportional between the perimeters of its ultimate inscribed i^d 
circumscribed polygons ; and consequently, Aat die mde when 
80U|^t through an infinite series of polygons, is itself conceiyed te 
be a polygon ; and consequently, that its measures are conceiTed 
to be polygonal, notwithstanding its measures may in fact bf re- 
duced to its diameter and drcumferenee onlyy-^b^i^ vJ;iQl^ ft- 
▼eeted of rides and angles* 

JBulin feffifi tos*«b lyeMilati^ns #s f«|er exi^l^s^el^ tplio- 
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genders process for deducing the Quadrature, together wiUi sudi 
proposed amendments to his process as may be offered, it is not 
here contended that all the propositions or positions put forth in 
regard to the same, rest upon indubitable demonstration or con- 
clusion; for it must be confessed, that rectilinear geometry, so far 
as its principles have as yet been disclosed, has not been oyer 
bountiful in furnishing direct evidence either for the support or 
overthrow of Legenders process; with these remarks therefore, I 
will proceed to the investigation : 

SECTION FIRST. 

Regular polygons are the only polygons here treated of ; and 
all polygons having the sseme number of sides are ctJledlike 
polygons. 

The diameter of a polygon is the diameter of its inscribed cir- 
cle; the diagonal of a polygon is the diameter of its ciremnsmbed 
circle ; and the qtutdrant of a polygon is one fourth of itsciremn* 
ference. 

A major polygon is any polygon whose diameter is 1 ; 2k mi- 
nor polygon is any polygon whose diagonal is 1 ; and a mster pol- 
ygon is any polygon whose area is ,5. 

A triplet, consists of a like major, minor and meter polygon, 
taken in connection with each other; and the number of sides of 
either polygon of a triplet is taken as the number of sides of the 
triplet. 

A series commences with any given triplet, and thoiee pro- 
gresses towards the circle by a constant doubling of the number 
of sides of the successive triplets. 

A duph consists of any two consecutive triplets of a seriesc 

The two last triplets of a series are called ihefoccU and finat 
triplets, and constitute the final duple of the series. 

Any triplet of more sides than the square, is called a ndnor 
triplet ; and any triplet of the series commencing with the octagon, 
is called a prime triplet ; and any duple consisting of prime trip- 
lets is called a prime duple. 

The cube root of ,5— or, 7937005 &c, is denoted by the letter ts 
' When p is a mean betwe^ any twa notalionB, tiiej are said to 



be adverse — or either is the adverse of the other ; and in sach 
case, the reciprooal of either divided by twice the sum of the 
other, gives p. 

When p is the farther of two means from one notation to another, 
l^e square of the nearer is half the reciprocal of the farther ; and 
the farther is half the square of the reciprocal of the near^; and 
the reciprocal of either divided by twice the sum of the other 
gives the nearer : Hence when two notations coincide in p, the 
square of either is half the reciprocal of the other. 

The notations of any triplet when sueh triplet is considered either-- 
in the abstract, or as the first triplet of a duple, are expressed by 
large capital letters as follows : 

A denoted the area of a minor polygsn. 

M denotes the quadrant or area of a major polygon. 

N denotes a mean between A and M, and is equal A of the trip- 
let of twice l^e sides. 

B denotes the diagonal of a meter polygon. 

D denotes the diameter of a meter polygon. 

denotes a mean between B and D, and is equal B of the trip- 
let of twice the sides. 

R denotes a mean between N and M, and is consequently tha 
farther of three means firom A to M. 

Z denotes half the square of the reciprocal of N. 

When both triplets of a duple are considered in ccHmection with 
each othw, the notations of the first triplet are expressed by larga 
capital letters, and the notations of the second triplet by small 
capital letters. 

For the reason that the quadrant of any given polygon of what- 
ever dimensions^ is a mean between the area of such polygon and 
M of a Hke polygeo, hence N of any triplet is equal tae quadrant 
of the minor polygon of such triplet. 

For the reason that a mean between the diagonal and diameter 
of a polygon of any given area, is equal the diagonal of the polygon 
of twice the sides of equal area ; hence of any triplet is equal 
B of the triplet of twice the sides, of ^ual area ; hence in progress- 
ing through any series, N and are successively converted inta 
AandB. 



In any triplet of any series, p b the farther of two meaaa from 
A to B, from N to 0, from Z to M, from M to D, and from B to 
a mean between C and D ; hence R in p is as well a mean between 
and B, as between N. and M. 

Thus N and of any triplet denote l^e nnmerical positions of 
A and B of the triplet of twice the sides, or A and B of any 
prime triplet denote the nnmerical positions of N and of the 
triple of half the sides. 

In any triplet of any series, NistoDasRistoC, orasMis 
to B, or B to Z : HenceD is to B as G is to M. 

D of any triplet is a mean between A and Z : Hence d of any 
(dnple is a mean between N and z. 

€ of any triplet is as well a mean between Z and N, as be- 
tween B and D, and is the farther of three means from Z to p. 

A mean betwemi N and B is a mean between M and D, and also 

between R and C, and is the farther of three means from M to p. 

A mean between N and C is a mean between D and R, and 

jdso between n and d, and is the farther of three means from N 

top 

By any system, R progresses into p ; and by Legender, it pro* 
gresses much farther. 

By any system^ M and D progress to a coincidence with eaeh 
other in p ; and by Leg^der, they progress much farther. 

By no system do N and C progress as far as to a Gcnnoidence 
in p, howey^ near the approach : for if we conceive N or G to 
be in p, we necessarily conceive M to be below N, and D above G. 
By any system, D and n are conceived to progress to a coincide 
ence with each other ; M and z are conceived to progrees to a co- 
incidence with each other ; and R and d are conceived to progress 
to a coincidence with each other, forming the junctives Dn, 
Rd and Mz ; and by any system those three junctives occur in one 
teaA the same duple. 

For p is as well the farther of two means from z to n, as from 
M to D: And R is a mean between N and M, and n is a mean 
between N and z : Hence Rd is a mean between Mz and N, and 
is in the same duple with Dn and Mz. 

By any system, R of the focal triplet is equal m; for B of the 



heal triplet is the utmost mean that can aotuallj exist between N 
md M, and is eoDseqaentij. equal M of the final triplet or oirde. 

Hence when R becomes equal m ; that is, wh^ k is a mean be* 
tweoi M and N, the progression is ended by any system. 

And such is assumed by Legender in his bgarithmio prooeas^ 
howeyer erroneous his process may be in fact; as will be seem 
from a correct translation of his process into the language of this 
article. 

NeverthdeeSy L^enders process giyes m truly when applied to 
the trigon, or triplet in which N is above D, R above 0, M above 
B and B above Z. 

So also Legender's process gives m truly when applied to the 
square, or polygon of perfect rectitudey in which N is equal D, R 
equal 0, and M equal B or Z. 

But the proposition is here suggested, that his process will not 
give M truly when applied to any triplet of more sides tlian the 
square, or in which N is below D, R below C, M below B and 
B below Z. 

And it may be here remarked that any process similar to Le- 
genders, that will give m truly when applied to any other triplet 
than the square, will give m truly when applied to the square; but 
the reverse of this will not hold. 

But I will defer for the present, any farther notice of Legen- 
ders logarithmic process, and will proceed to treat the subject by 
way of rational analysis. 

SECTION SECOND. 

Let X denote the difference between N and D, or R and 0, Of 
M and B, or B and Z of any prime triplet ; and let twice z &,e. 
imply twioe the proportional value of x &c. : Hence our ex- 
position by the use of x, is confined wholly to the prime tr^lets 
and duples. 

It is here assumed that the value of x is greater in the octagon 
liian in any other prime triplet ; and that from the octagon onward 
it continually decreases until it becomes less than an assignable 
value in the final lariplei. 
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Whereas Legender assumes that the value of z oonstantlj in* 
creases from the octagon onward ; and consequentlj, that z is at 
its maximum value in the final triplet 

But whether the value of z increases or decreases from the oo* 
tagon onward, the value of x is never conceived to be wholly 
extinguished ; hence even in the final triplet, z is still conceived to 
ezist, notwithstanding it is then of no actual value. 

By any system, in the final duple (but in no other,) the propor- 
tional value of z is the same between like notations of the first 
and second triplets of the duple : Thus in the final duple N is to 
DaSNistoD, orNistoNasDiston; so also Z is to M as z is 
to M, or Z is to z as M is to H. 

AsDistoRasCis to M, hence when the progression has 
proceeded until D is z below R, and G z below M, the notations 
of such triplet from N to Z, are in continued proportion ; and in a 
formula of the same, z will denote the difference between any 
two consecutive terms of the formula, thus, NzDzRzOzM 
X B z Z. 

Thus in such triplet N and M are adverse, and D and C are 
adverse, and B is the farther of two means from Z to N, from N 
to C, and from M to D ; It is therefore manifest that R of such 
triplet is inp; and it is also manifest, thatN and C of such triplet 
occupy the numerical positions of A and B of the triplet of twice 
the sides. 

When the progression has proceeded until D and M coincide in 
p, either D or M may be used to denote the numerical position of 
both ; in which case su(^ notations of the triplet as are in con- 
tinued proportion, and in which z denotes the difference be- 
tween any two consecutive terms, will be ezpressed in a formula 
thus, AzNzDzBzZ, or thus AzNzMzBzZ. 

Thus D and M of such triplet are in p ; for in such triplet, D 
or M is the farther of two means from A to B, and from Z to N ; 
and in such triplet A and Z are adverse, and N and B are ad- 
verse ; Z is z above B, and B is z above M ; D of such triplet is 
equal M and D is z above N, and N is a mean between A and 
M ; and A and B of such triplet are equal N and of the triplet 
ofhalf the sides. 



If the triplet whose D and M are in p, is the triplet of twice the 
sides of the triplet whose B is in p, then a joinder of the two for- 
mulas is thus, N X Dn X Ed X X Me X B X Z. 

tn which ctttie, B in p is equal either n or m; and consequeaiN 
ly, by any system, such would be a formula of the final duple, in 
which the proportional value of x is the same between like nota' 
tions of the first and second triplets. 

It is manifest that B in p, cannot be equal either n (»r m, witb- 
lOut being equal the other also. 

"We have already seen that B in p, is x below C and twice X 
above N ; and also that d or m in p is x below and twice x 
above N. 

tlonsequently, that either B, n or m in p is four times x below 
2, twice X below M, and x above D j and that d, ot h, is iihen X 
above n and 1i\irice i below x ; consequently, that B in p is x 
above n, and tirice x below z ; and that either B, n or m in p (but 
not otherwise,) is thus situated. 

Thus D in p (but not otherwise,) is x bdow C, and is conse^ 
quently, four times x below Z, for ihie reaj^n that C is always ih^ 
&rther of three means fromZ to p; and r> in p is twice x below M, 
fbr the reason that M of any prime triplet id twice x below Z ; and 
US D in p is twice x below z, hence Mz occurs when d is in p ; and 
Bb occurs in the same duple with Mz and Dn, and is a mean 
between Mz and N : Hence Bn is in p. 

So also M in p (but not otherwise,) is twice x above N, and is 
Kionsequently x above n ; for n is a mean between N and m ,* and 
as H in p is twice x above N, it is therefore fom: times x below Z, 
and twice x below M, and is therefore x above D : Henoe h in p 
is twice X above N, is x above Dn, is twice x below Mz, and four 
times X below Z : And B in p is twice x above N^ x above D, 
twice X below M, and four times x below Z. 

Hence the junctives occur when m is in p, or twice x above K) 
and consequently) when m is equal B ; or in other words, the 
junctive Bm occurs in p ; or m in p, (but not otherwise,) is a mean 
betweai N and M ; or thus : m in p (but not otherwise) is twice 
X above N, and consequently, x above n ; and when Dn occurs, m 
is twice X above N and x above J>n; for Dn isx aboveN be- 
2 
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dftnse D is X at)OTe N, and n is a mean between N and m : hence 
Dn occurs when m is in p, and p is the farther of two means from 
Mz to Dn : Hence when the junctives occur, m and d are in p, 
and B is then equal b. 

Hence the coincidence of B and m, (which ends the progression 
by any system,) is in p ; or m in p (but not otherwise,) is a mean 
between M and N, and is therefore M of the final triplet or circle. 

Thus M in p, notwithstanding it cannot be definitely expressed 
by numbers short of its third power or cube, is nevertheless, the 
actual quadrant of the circle whose diameter is 1 ; and I> in p is 
the actual diameter of the circle whose area is ,5. 

Such therefore, is an actual determination of the ratio of the 
quadrant of the circle to the diameter ; for p is the farther of two 
means from ,5 to 1, notwithstanding p cannot h-ave a definite nu- 
merical expression, either in its first or second power. 

Hence the cube of the diameter of the circle (of whatev^ di- 
ssensions,) is twice the cube of the quadrant ; and the cube of the 
area of a square is twice the cube of the area of its inscribed cir- 
cle) and one fourth the cube of the area of its circumscribed circle. 

Hence the cube of the diagonal of a square of any given area is 
twice the cube of the diameter of a circle of equal area. 

SECTION THIBD. 

Iiegtodpe's eiirone^us process, which places M of the circle in 
,T85398, &c., necessarily places D of the circle in ,797884, &g. ; 
fbr by the law of progression,, p is the farther of two means from 
M to D of any given triplet, and miist be so in respect to the cir- 
cle, unless M and D of the circle actually coincide in p. 

Legendre's process, then, when translated into the language of 
Has artidie, is this : " The product of M by N of any triplet of 
any series, divided by half the sum of M and N gives h." Or 
thus : "The product of N by B, or of M by D of any triplet of 
any series diidded by half the sum of D and B gives m." For these 
processes applied to any given triplet give the same quotient; and 
eitker proceaa when applied ta tlie trigon <» square, gives u truly ; 
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bat when i^pUed to any other triplet^ tIz. to any ixififtt in whioh 
N is less than l), M less than B, &c., it gives less than m. 

Now any similar i»rocess to those of Legendre will give m truly 
when applied to the square ; and any similar process that will giy* 
M truly when applied to any other triplet than the square, will 
give M truly when applied to the square ; but the rererse of this 
will not hold ; for the product of D by M of the .square, divided 
by half the sum of D and M, gives m ; but sudi process applied t« 
the trigon gives less than m. And the inference is well sustained 
by Legendre, that any similar process that wiU give m truiy when 
applied to the octagon, will give m truly when applied to any trip* 
}et bekw the square, or in whidbi N is below D, M below B., &c. 

Thus Legendre*s process, which may be denominated the pro- 
cess by M and N, gives m truly when applied to the trigon, eaf 
triplet in which N is above D, M above B, &c. ; or when applied 
to the square in which N is equal D, &c. ; and it is here assum- 
ed that in any triplet of more sides than the square, that is, in any 
triplet in which N is less than D, M less than B, &>o., as well as 
m the square, the product of D by M divided by half the sum of 
D and M, gives m truly; which process may be called the process 
by D and M. 

It is here assumed that in the process by M and N, applied to 
«Qy prime triplet, the divisor is too great for the dividend; And 
xx)nsequently places m too low. 

By such process, the value of x constantly increases from the 
octagon onward to the final duple ; and by such process R of any 
prime duple is above m until R becomes equal h in the final 
duple. 

By such process, the difference between N and D of any prime 
iduple is less Utiwa. between n and d, and the difference between K 
and B is less than between u and c, until dAie difference beeomed 
proportionally equal in the final duple. 

Finally, l^^ todi jwocess we do notlung but gr^ ^ md ^dj 
eenelude th«t we have arrived «it die &!«! goal when we Mi gropir 
LO further. 

BuAiA ilkefpo6eiii%y ]> and M, Shis itetiAUBNtti^iahdliifh* 
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ootagon^ »d its miwimnm value in the final dnple, in irMdi £1 
may be said to be less than an assignable ralae, and therefore 
wunj be said to have no value whatever ; consequently, by such 
process the value of x constantly decreases from the octagon on* 
ward. 

By such process, B of any primodnple is below m until they ber 
oome equal in the final duple ; and consequently the difference be* 
tween N and D of any prime duple is greater than between n and 
j>y and the difference between M and B is greater than between m 
and B, until the proportional difference becomes the same in the 
final duple. 

By such process, the quadrant of the circle whose diameter is 1, 
is the reciprocal of the diagonal of its equal square ; Ihe diagonal 
of the equal square of any major polygon being twice the product 
of M by D, or the square root of twioe M, viz. twice the quadrant 
of the meter polygon of such triplet| whidi is of course the reoip^ 
rocal of D. 

By such process, we cannot progress beyond the coincid^ice of 
M and D in p, for the reason that when M and D are in p, the 
product of M by D divided by half the sum of M and D gives p,. 
and consequently we make no progress. Hence by such procesSj^ 
we have the numerical position of the final ^jal in view on ovx de- 
parture from the square, or polygon of perfect rectitude. 

By such process, when M and D are in p, all other notations of 
9uch triplet have actually ceased to exist, and p is then exactly 
equal M or D of the circle,, notwithstajiding p cannot be definitely 
^pressed short of its third powe]c« 

By such process, if the quadrant or diameter of the circle is d^ 
finitely expressed in its first power, the other may be definitely 
expressed in its third power ; consequently, when the diameter of 
the sphere is definitely expressed in its first power,^ its surfacemay 
be definitely expressed in its thjbrd power^ 

Bntas the third power of the bnjk of the sphere whose diame- 
^ isl, is expressed by the revolving decimal ,148148 en infinU 
tunif hence when the diameter of a sphere is definitely expreeeed 
ij\ its fiirst Voiw,ef,i, its hdfk i^annot be definitely ex^essed in any 
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power ; bat the cube of its bulk will extend in a revdving but 
neyer ending decimaL 

Nevertheless, the whole subject is properly referred to the 
method by way of rational analysis, which depends upon the great 
fundamental principle in polygonal economy, viz. that the product 
of the quadrant by the diamet^ of any given polygon, gives the 
area ,* and consequently, that area flows by a duplicate ratio to its 
linear measures ; and consequently, that the diameter and quad- 
rant have much to do in determining the ratio of one to the other. 

As M is always conceived to be above N, however near the ap> 
proach, such is therefore conceived to be the case in the final 
triplet, or where N. has ceased to exist, or rather, where there ib 
no assignable difference between M and N ; and as the value of x 
is then reduced to less than an assignable value, the difference be- 
tween M and N of the final triplet is necessarily conceived to be 
proportionally the same as between M and B. 

The antiquity, however, of Legendre's process, might be plead-; 
ed in its favor, were it not for the fact that its correctness haa ever 
been doubted from its origin ; for we have reason to believe that 
Archimides, even to the day of his death, had doubts in regard to» 
the correctness of his exposition, and therefore sought to detect 
and relieve from the apprehended error, as thousands have since 
done and continued to do, untU doubts were at length measurably 
relieved from by despair. 



CHAPTER SECOND. 
AN iNauiRY INTO THE Modus Operandi of solar 

ATTRACTION, AND OF TH£ SUSTAINING CAUSE 
OP THE SOLAR SYSTEM. 



Perhaps any theory worthy the name, consists in a rational as- 
signment of the causes of observed phenomena ; and as has been 
well said, " No more causes are to be admitted than are sufficient 
to explain the phenomena;" for by so doing we shall be more 
likely to assign the true cause^ or be less liable to account for phe- 
nomena in an irrational manner. 

That like effects or phenomena are produced from like causes, is 
a necessary hypothesis in our enquiries ; as by its adoption we 
acknowledge the immutability of the laws of nature, the evidence 
of which has hitherto been so fully sustained by observation and 
experiment ; hence analogies in nature are to be received as legit- 
imate evidence. 

Any attempt to assign causes to phenomena which occur with- 
out the solar system, is perhaps too hypothetical for well authen- 
ticated philosophy ; and perhaps true science will never require 
of us to account for the manner in which the planets and their sat- 
ellites were created, or how they were first put in motion ; but 
rather that we should take the solar system as we find it, and en- 
deavor to account for the manner by which it is upheld and sus- 
tained. 

Since the days of Kepler, the sustaining cause of the solar sys- 
tem has been ascribed to attractionywhich. like a messenger of om- 
nipresence, continually acts ufiion and influences the revolving bod- 
ies, thereby causing them to tend towards the centre of the body 
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around whioh they immediately revolve, and by whieli they are 
retained in their respective orbits. 

Kepler's first great law of planetary motion, viz : '^ That the 
squares of the periods of the planets are as the cubes of their mean 
distances from the snn," is fall of instruction ; as thereby we are 
enabled to compute their relative distances from the sun, and also 
Hieir relative bulks or magnitudes compared wiUi each other ; as 
also the relative powers of attraction of the primary planets hav* 
ing satellites, m proportion to the bulks of those planets ; by 
which we ascertain the fact, that the relative powers of attraction 
of the primary planets for their respective satellites in proportion 
to their bulks, are proportioned to each other in the inverse ratio 
of their relative distances from the sun : that is, their relative 
bulks multiplied by the inverse of their relative dbtancesfrom the 
sun, gives their relative powers of attraction. Let us then seek fov 
the cause why the attractive powers of the planets in proportion 
to their bulks or magnitudes, vary inversely as their distances 
vary from the sun ; and endeavor to ascertain from analogies in 
nature or otherwise, whether the cause may not be rationally re- 
ferred to some general law of nature coextensive with the universe, 
which may be mathematically assigned and computed, — as in case 
of Kepler's great law of planetary motions, viz : that the squares of 
the periods of the planets are as the cubes of their mean distances 
firom the sun. 

Observation and experiment, in the absence of all evidence t^ 
the contrary, have pretty folly established the important fact, that 
all bodies of matter are inert ; that they only act as they areaeted 
upon ; and that they always act as they are acted upon. 

Thus if a ball when put in motion by sudden impube shall strike 
against another ball, the first ball acts upon the other as it is acted 
upon, and in no other manner. 

If two bodies of matter be pressed against each other by contin- 
ued force, each body acts as it is acted upon, and in no oliier way. 

If a piece of soft iron be placed near a permanent magnet, the 
soft ircm becomes a magnet, and remains so while thus situated, in 
which case it will attract iron filings ; and in sadi case, the soft 
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iron acts upon the mm filingi as it is aeted vpm bj the penuoMni 
magnet, and in no other way or manner. 

And if this erer mysterious operaticm of the law of nature, dis- 
closed in magnetism, which we may contemplate whenever we 
please, shonid be the most hi^y iUnstration and peihafs the only 
perfect analogy of the modus cperandi by which the acAar syston 
is sustained, I certainly would not exchange the evidence thus 
furnished, however natural and simple, for any mere hypothesis 
unsusiained by evidence, that can be devised by man. 

I shall therefore assume sudi to be the way and manner in which 
ihe solar syston is sustained ; and will denominate the same the 
new theory^ in contradistinction to ihe theory which assumes that 
all bodies of matter possess an innateand independent power of at- 
traction, and that such power is always the same in proportion to 
the quantity of matter contained in the body, wherever situated ; 
which is here called the old theory. 

I shall assume the law of gravity or attraction to be thus \ 

The force of gravity or attraction varies inversely as the dis- 
tance varies from a centre of gravity ; which law I will familiaiiy 
call the new law^ in contradistinction to the hypothesis which as- 
sumes that the force of gravity varies inversely asthe square of the 
distance varies from a center of gravity; which law I shall denomi- 
nate the old law. And it is my purpose to compare the new theory 
and law with the old^ with a view to disclose some of the results 
and consequences to which they must necessarily give rise. 

In making such comparison, I will select for consideration that 
important phenomenon in the solar system which has given rise 
to the hypothesis of the different densities of the planets ; which 
phenomenon, from its uniformity throughout the solar system, 
would seem entitled to the assignment of some general law as its 
cause ; the phenomenon to which I refer being no less than that 
of the different attractive powers of the primary planets in pro- 
portion to their bulks or magnitudes, which is found from obser- 
vation to be in the inverse ratio of their distances from the sun. 

For although at first, the phenomenon was only found to apply . 
to the planets having satellites, it was subsequently found by £u- 
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ler, La Grange, and other eminent mathematicians, to apply as 
well to the other planets as to those having satellites, and accord- 
ingly adopted the phenomenon as a general rule by which to com- 
pute the disturbing forces of the planets and their consequent per- 
turbations. 

And this important phenomenon in the solar system, in lieu of 
being referred to some general law coextensive with the law of 
gravity, as its source, — has been assigned to mere chance, viz : to 
supposed different densities of the planets, — the truth of which we 
know nothing ; nor have we any means of assigning the cause, 
even though the hypothesis wesre found to be true. 

And although the computation of the supposed different densi- 
ties of the planets has sometimes been esteemed as a kind of in- 
tellectual triumph, it is yet possible that the hypothesis itself, in 
regard to the different densities of the planets, is but the natural 
offspring of a previous error : As by this hypothesis alone, a re- 
<x)nciliation could be had between the old tlieory and the law of 
gravity in regard to the different attractive powers of the planets 
in proportion to their bulks or magnitudes : For the eld theory and 
law of gravity have no direct communion with each other in sus- 
taining or governing the solar system. 

And it may yet become a wonder why the old theory should 
have been adopted without a title of evidence by way of analogy 
or otherwise, to support it, unless it were for the express purpose 
of accounting for the different attractive powers in proportion to 
their bulks, upon the hypothesis of different densities, — in as 
much 9S the old law has nothing whatev^ to do with the subject. 

Let us compare the new theory with the old, by way of exam- 
ple. 

Suppose an assumed planet of equal bulk or magnitude with the 
earth, to revolve at four times the mean distance from the sun 
that the earth does; and suppose such planet to have a satellite 
revolving at the same distance from the planet that the moon does 
from the earth. 

Now observation has induced a general rule which from its uni* 
formity has been resolved into a general law which is found to 
never fail when it is applied, viz : that the squares of the periods 
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of the planets are always fonnd to be as the oubes of their meaa 
distances from the sun ; and consequently that the motion of the 
earth in its orbit is twice as great as the motion of the planet re- 
Tolying at four times the distance of the earth from the smi. 

So also observation has induced a rule equally uniform and con^ 
olusive, by which we determine the fact that the motion of the 
moon in its orbit is twice as great as that of the satellite of the 
other planet ; and that we as readily compute the relative motions 
of the satellites of different planets, as of the planets themselves ; 
for notwithstanding, for a time, the rule was thought not to ap- 
ply to the satellites of Herschel, nevertJieless, subsequent obser- 
vations have proved that Herschd and its satellites £a,ll within the 
same general rule. 

Now the old law renders no aid whatever in accounting for ^e 
observed phenomenon, that the attractive powers of the primary 
planets, in prqwrtion to their bulks, vary in the inverse ratio of 
their distances from the sun» Hence, whilst we retain the old law, 
the observed phenomenon must be accounted for by theories and 
hypotheses wholly independent of the law: Henee,upon the theory 
of innate attraction in proportion to the quantity of matter, 
wherever situated, — ^in ccmnection with the hypothesis of the 
different densities of the planets, rests the whole cause of the dif- 
ferent attractive powers of the planets inproportion to their bulks. 

And it would seem, perhaps, too empyric, to assign as the cause 
of one of the most important phenomena in the scdar system 
to two naked, distinct, and disconnected hypotheses, neither of 
which, perhaps, is sustained by a single analogy or similitude in na- 
ture, when the same may be perfectly accounted for by universal 
laws which we know to exist, and which may be demonstratively 
proved to exist. 

Nor has the old law, as yet, rendered any aid whatever, in ac- 
counting for the motions of the planets or of their satellites; no, not 
even since the days of Glairaut, who, iSnding, with other mathe- 
maticians of Europe, that but one half of the motion of the moon's 
apogee was accounted for by the force of gravity as the law then 
stood, supposed that he had corrected the evil by adding or in- 
creasing the amount of force to just twice the amount of foroe 
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given by the old law ; which amount so added, had it not been 
wholly factitious, nnavailable, and even non-existent, would have 
increased the amount of force to just one half the required 
amount ; for in case of a revolving body, twice the motion always 
requires four times the amount of force ; And the result of Clair- 
aut's amendment of the law, is perhaps found in the constant mul- 
tiplication of empyric equations of the moon from that time to the 
present. 

Now by the new theory and law, we have no occasion for the 
hypothesis of the different densities of the planets ; thus as the 
earth and the assumed planet are of equal magnitudes, we natural- 
ly conclude that their quantities of matter will not materially dif- 
fer, if no good evidence is shown to the contrary. 

If, therefore, in accordance with the new theory, both planets 
receive their attractive powers from the sun, and become attrac- 
tive in the same proportion that they are attracted ; and if in ac- 
cordance with the new law, the earth is attracted by four times 
the force that the other planet is, — ^and therefore exerts four times 
the force upon its satelKte that the other planet does, it is mani- 
fest that the motion of the moon must be twice as great as the mo- 
tion of the other satellite, in order to retain it in its orbit ; hence, 
by the new theory and law, the densities of the planets would not 
sensibly differ. 

And if there be any dependence whatever to be placed upon the 
principle supposed to be so well established, viz : that twice the 
motion of a revolving body requires four times the force of attrac- 
tion to retain the body in its orbit, then the new law by which 
the earth is attracted by four times the force of the other planet, 
and by which both its gravity and ponderosity is four-fold that of 
the other planet, must surely prevail in regard to the two planets, 
unless distance compensates for, and dispenses with the force if 
gravity just in proportion as the distance is increased ; whidi is 
one of the prominent features of the old law, but from what 
evidence or authority we are not informed ; For in regard to the 
two planets, by the old law, sixteen times the force is required to 
balance twice the motion. 

As the gravity of both planets depends upon the force of atiarae- 
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tion exerted by the sun upon the planets, hence the gravity of the 
planets is as the force of gravity or attraction, and consequently 
varies in some given inverse ratio to the distance ; And by the 
old law, the gravity of the earth is sixteen times as great as the 
gravity of the other planet ; but by the new law it is only four 
times as great. 

If ^e ponderosity of a planet is equal to the force or power re 
quired to sustain the planet in a state of rest, and prevent its fall- 
ing towards the sun, — ^then the product of the quantity of matter 
contained in a planet, — ^by its gravity, gives its ponderosity : hence 
by the old law, the ponderosity of the earth is sixty-four times as 
great as of the other planet, but by the new law, it is four times 
as great ; that is, by the new law, the gravity of either is equal to 
its ponderosity, and the attractive power of either is equal to its 
gravity or ponderosity ; whilst by the old law, the attractive power 
of the earth, (whose distance, gravity or ponderosity, is properly 
assumed at tmity,) is equal to its gravity or ponderosity ; whilst 
ihe attractive power of the other planet, (whose distance is four 
units,) is four times as great as its gravity, and sixteen times as 
great as its ponderosity. 

Suppose the central force situated in the sun to be increased four 
fold: In such case, the motions of the two planets must be doubled 
in order to retain them in their orbits : But by the old theory, as 
well as by the hypothesis of the different densities of the planets, 
such increased power of the sun, and the consequent increased 
motion of the planets, would furnish no cause whatever for an 
increase of motion, in the satellites, as by the old theory it would 
not increase the attractive power of the planets ; the attractive 
power of the planets, by the old theory, depending wholly upon 
the quantity of matter contained in the respective planets. Where- 
as by the new theory, the attractive power of the planets would 
mcrease with the increase of the central power. 

But I will proceed to a consideration of the law of gravity^ — 
believing that a true assignment of the law will serve to remedy 
all errors in the theory of gravity. 
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OP THE LAW OF SOLAR ATTRACTION— OTHER- 
WISE CALLED THE LAW OF GRAVITY. 

The law of gravity is here used to imply the inverse ratio by 
which the force of attraction varies as the distance varies from a 
center of attraction or gravity ; as in case of a body falling from 
a state of rest towards the earth at different distances from its 
center, or of planets revolving at different distances from the sun. 

The question here raised in regard to the law of gravity is, 
whether the force of gravity varies inversely as the distance, or 
inversely as the square of the distance varies from a center of 
gravity ; the first hypothesis being familiarly called the new law, 
and the second hypothesis, the old law; and it cannot be ezpect- 
eid that evidence can be adduced from the economy of nature to 
sustain both hypotheses. 

Colin Maclaurin, who was an early and conspicuous commenta- 
tor upon the law of gravity, and whom alone I shall have oc- 
casion to quote, for the reason that others have merely adopted 
and endorsed his exposition of the law, without adding one ray of 
light thereto, notwithstanding he adopted and promulgated the 
old law, was nevertheless constrained to insist that such is not the 
law by which the planets can best revolve ; and suggests that 
the proper limit of gravitation by which the planets could best 
revolve, is the inverse simple ratio of the distance ; as also how 
admirably they would revolve from one apsis to the other, were 
such the law. 

In an investigation of the law of gravity, our evid^ce, and eoa- 
sequently the premises from which we make our deductions or ib- 
ferences, are perhaps to be generally drawn from the common 
concerns of life — from the law of fSalling bodies — ^and from Kep- 
ler's laws of planetary motion. 

In referring to the common concerns of life, I will suggest the 
case of the husbandman, who has a specific operation, or amount of 
labor to be performed which one man can perform in two days, 
and which two men can perform in one day ; And also ta the 
mechanic, who would raise a weight or ponderous body over a 
given amount of sj^aeo by means of ibe whed and axle, whidli 
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two men can perfixrm in (me hour, and which aae man can perfbnn 
in two hours. 

Now in those operations, we have the following principles dis- 
closed in regard to the action or operation of force in time : 

First — The amonnt of force expended in the performance of a 
given operation is the same, whatcTer be the rate of force applied 
or whatever be the time spent in the operation. 

Second — The tohole time spent in the performance of the given 
operation is the reciprocal of the rate of force applied ; and con- 
Beqnentlj, the whole time spent in the performance of the givai 
<^eration varies inversely as the rate of force is applied. 

Third — If the specific operation be assumed at nnit j, — ^that is, 
if the amount of force required to be expended in the specific op- 
eration be assumed at unity, as that of the labor of two men for 
example ; and the whole time of performing the operation be 
.assumed at one unit of time, as one day, for example, the rate of 
force applied is consequently assumed at unity, by which to com- 
pare the rate of force when the whole time in which the amount 
of force is expended, shall be more or less than one unit : Hence 
if the whole time in which the given operation is performed, or 
unit of force is expended, be two or more units, the amount of 
force expended in either unit of time is equal to the rate of force 
applied. 

Fourth — The rate offeree varies as the amount of force expend- 
ed in a given time varies, — or vice versa. The amount of force 
expended in a given time varies as the rate of force applied: Hence 
if the rate of force applied for a given time be doubled, the amount 
offeree expended in the given time is doubled : Or if the amount 
offeree expended in a given time is doubled, it is because the rate 
of force applied for the same time is doubled 

Nor is it material from what cause, or in what way or manner 
the rate of force shall be increased or decreased, in as much as the 
whole time in which the specific operation is performed, varies in- 
versely as the rate of force applied varies. 

Hence in case of a body falling from a state of rest at different 
distances from the center of the earth, as at one unit of distance, 
and again at two units of distance, if we conceive the rate offeree, 
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or force of grayity, to be the same at one distance as at the other, 
we necessarily conceive the same amount of force to be expended, 
and the same amount of space to be passed over or described in a 
given amomit of time, as in one second of time, or in one minute 
of time, for example, in one operation as in the other. 

Hence the amount ^i force expended in the faU of the body firom 
a state of rest over a given or specific amount of space, is the same 
at one distance from the center of the earth as at another ; but as 
the rate of force applied to the body has an inverse increase or de- 
crease to that of distance from the center of the earth or center of 
gravity, hence as the distance is greater, the whole time sp^it in 
the specific operation is greater ; and the whole time spent in the 
specific operation varies inversely as the rate of force is caused to 
vary by reason of different distances from the center of the earth. 

Hence, in case of the body falling from a state of rest over equal 
amounts of space, at two different distances from the center of the 
earth, if we can ascertain the proportional amount of time spent 
in the two operations, with the distances from the c^[iter of the 
earth at which the operations occur, we consequently determine 
the inverse ratio of the rai,e of force to the distance. 

Mr. Maclaurin has properly adopted unity or 1, as the nimaerical 
standard measure of all the elements used in our computations ; 
that is, when the distance is unity, the time in which the specific 
operation is performed is assumed at unity, — and the rate offered 
is then assumed at unity, by which to proportion the time and raiie 
of force when the distance is more than one unit ; hence all mag- 
nitudes of the elements are considered as numerical magnitudes ; 
and when two or more elements are said to be equal, or propor- 
tional, it implies numerical equality or proportion. 

Mr. Maclaurin has properly assumed the distance from the center 
of the earth to its surface, at aim unit of distance ; and the mean dis- 
tance of the moon at sixty units of distance. He assumes one 
second of time as one unit of time ; and for the reason that it had 
been found from frequent experiments that a body falling from a 
state of rest at the surface of the earth, or at one unit of distance, 
will fall over or describe 15 1-12 Parisian feet in one second of 
time, he has assumed 15 1-12 Parisian feet aa one unit of space \ 
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and the first unit of space described by the body on falling from 
A state of rest at any given distance from the center of the earth, 
is called the specific operation^ however far the operation may be 
extended beyond the first unit of space. 

Mr. Maclanrin consequently assumes the rate of force or gravity 
at unity, at the surface of the earth, or at one unit of distance, or 
when the first unit of space is described in one unit of time ; and 
also that one unit of force is expended in the specific operation, at 
the surface of the earth ; for such is necessarily the case upon any 
hypothesis in regard to the law of gravity. 

Mr. Maclaurin properly assumes that the specific operation will 
foe performed in sixty units of time at the distance of the moon, or 
in one minute of time; that 3,600 units of space will be described 
in 60 units of time, or in one minute of time at the surface of the 
earth, and that 3,600 units of space will be described in one hour 
at the distance of the moon. 

Mr. Maclaurin properly assumes, (in accordance with the law of 
fiilling bodies, which is the same at all distances,) that 3,600 times 
Hie space will be described in 60 units of time from the beginning of 
the fall that is described in the first unit of time ; and consequent- 
ly, that 3,600 times the space is described in the first unit of time 
at the surface of the earth, that is described in the first unit of time 
at the distance of the moon. 

Mr. Maclaurin also properly assumes that at any given distance, 
the rate offeree applied is tmiform throughout the operation; and 
consequently, that during any given operation, equal amounts of 
force are expended in equal times; that is, during any given opera- 
tion, the same amount of force is expended in one unit of time as 
in another. 

Hence Mr. Maclaurin necessarily assumes, that in any given ope- 
ration, viz., at any given distance, 60 fold the time spent in the 
description of 3,600 units of space that is spent in the description 
of the first unit of space ; and 60 fold the amount of force is ex- 
pended in the description of 3,600 units of space that is expended 
in the description of the first unit of space. 

He Hierefore necessarily assumes as an unavoidable consequence, 
that the same amount of force is expended in one second of time at 
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the sturface of the earth that is expended in one miniite at the dis- 
tance of the moon; or that there is the same amount of force ex- 
pended in one minute at the sur&ce of the earth as in one hour at 
the distance of the moon. 

That the force expended in the first unit or second of time at 
the surface of the earth describes one unit of space, — and the force 
expended in sixty units of time, or in one minute, describes 
3,600 units of space. 

That the force expended in the first unit or second of time at the 
distance of the moon describes 1-3600 part of the first unit of 
space ; the force expended in 60 units of time or in one minute,at 
the distance of the moon describes the first unit of spaee ; and the 
force expanded in one hour at the distance of the moon describes 
3,600 units of space. 

Hence we compel Mr. Maclauhn to assume, that force is expend- 
ed 60 times as fast, (and only 60 times as fast,) at the surface of 
the earth as at the distance of the moon, — ^whilst space is des- 
cribed 3,600 times as fast at the surface of the earth as at the dis- 
tance of the moon. And if force is expended 60 times as fast, it is 
£dm|dy for the reason that the rate of force applied is 60 times as 
great 

Hence if the rate of force applied is 60 times as great, the 
amount of space described in a given time will be 3,600 times as 
great ; and such would be the case either at the surfeuse of the 
earthy or at the distance of the moon. 

Now it will be readily seen on careful examination, that I have 
not caused Mr. Maclaurin to assume a single position or principle 
that is not directly incident to the law of falling bodies ; Never- 
theless, from those premises, Mr. Maclaurin inf^s that the force of 
gravity varies inversely as the sqiuire of the distande varies { But 
from which I undoubtingly infer, that the f<»rce of gravity varies 
inversely as the distance Varies. 

Mr. Maclaurin in deducnng inferences from premises, says, '^ The 
computation may be made in this manner, — ^the mean distance of 
the moon from the earth being 60 times the distanee of heavy 
bodies at its surface fvom its center, (a body at the surface will fall 
15 1-12 Parisian feet in one second,) and her gravity iaareaskig 
4 
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in proporiim M tibe aqfoare of tlie £rtnee fivB tibe eoiler of tiM 
earth deaneaaes, her grmtjripoiild be 60X60 times greater Bear 
the mr&ee of the earth tium al h^ mean iJintimff, an 
wonldeany ha- through 60X 60 15 M2 Parkiaii feel in ai 
near tiie sorfiMe ; hot the same power vonld earry her throo^ 
60 X 60 times lesB space in a aeeoiid tiian in a nuDiitey bj what has 
been often obserred of the deseent of filing bofies ; and there- 
fore the moon in a second of time would fiJl bj her grarity near 
the Barhee of the eartii 15 !'12 Parisianfeet^ wliidi therefore is 
the same witii the graiitj of terrestrial bodies^" 

Now the all^atioDS and asBonqytions contained in the foregoing 
exposition of Mr. Madaorin, wliidi are in aooordanoe irith the law 
of foiling bodies are those wliidi assome that the moon, or any 
other body, on foiling foom a state of rest at the snrfoee of the 
earth, will describe the first nnit of space in (me miit of time — and 
3,600 nnitsof apacein 60 miitsoftime: And that the moon or any 
other body on foiling from a state of rest at the distance of the 
moon, wJk describe the first unit of space in 60 nnits of time. 

And the all^ations and assumptions contained in Mr. Mac- 
lanrin's said ezporition which are not in accordance witii the law 
of fidling bodies, are those which assome, tiiat if tiie moon (or 
any other body at the distance of the moon,) were bron^t near- 
er the earth, its gravily wonld increase in prc^KHrtion as the sqnare 
of the distance decreased ; ih^eby making tiie gravity of tiie moon 
3,600 times greater at the smrface of tiie eartii tiian at her mean 
distance ; And also the very extraordinary deduction drawn firom 
snch assomption, riz. that it wonld in consequence, describe only 
3,600 units of space in one minute, or in 60 units of time at the 
surface of tiie earth. 

Whereas we have compelled Mr. Madaurin to assume in tiie pre- 
mises, not only in accordance witii all we know in regard to tiie 
law of falling bodies, — ^but also in accordance witii all we know in 
regard to the action or operation of force in time, that if the force 
of gravity or rate of force were 3,600 times as great at the surface 
of the earth as at the distance of tiie moon, — ^tiiat if the body on 
foiling firom a state of rest at the distance of tiie moon would 
describe tiie first unit of cqpace in 60 units of time, it would, on 
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falling from % state of rest at the surface of the earth, describe 
3,600 units of space in one unit, viz. in one ^lecond of time. 

That is, — if the rate of force, (and conseqaentlj the gravitj of 
the body,) be 3,600 times as great at the surface of the earth as at 
the distance of the moon, the body on falling from a state of rest 
at the surface of the earth would describe space near thirteen 
millions of times as fast as the body would on falling from a 
state of rest at the distance of the moon ; whereas it in fact, de- 
scribes space only 3,600 times as fast* and consequently, its grav- 
ity at the surface of the earth is only 60 times as great as at the 
distance of the moon. 

Mr. Madaurin's error, Hierefore, lies firstly, in his naked and a 
priori assumption, that the gravity of the moon on being brought 
nearer the earth would be increased in proportion as the square of 
ihe distance should decrease ; whereas the ratio by which the 
gravity of the moon would increase as the distance should decrease, 
is the only question we are wishing to solve, and should be the re- 
sult of a deduction drawn from well advised premises, rather than 
depend upon naked hypothesis, lest we lose all benefit whatever, 
to be derived from premises well considered. 

And his second error consists in his unaccountable inference 
drawn from his premises, — ^viz. that the moon thus increased in 
gravity, on falling fr<»n a state of rest at the surface of the earth, 
would describe only 3,600 units of space in 60 units of time, — or 
one unit of space in the first unit of time. 

Hence the reason why the moon on faUing from a state of rest at 
^e surface of the earth will describe the first unit of space ia one 
unit of time, — and on falling from a state of rest at the distance 
of the moon, will describe the first unit of space in 60 units of 
time, is not because the moon on being brought nearer the earth 
wiU increase in gravity in the same proportion as the square of the 
distance decreases ; but it is because the moon on being brought 
nearer the earth will increase in gravity in proportion as the dis- 
tance decreases. 

By the well known law of falling bodies, which is the same at 
all distances from the center of the earth, at any given distance 
the amount of space described in the first unit of time is one 
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iinri as great as the amotmt described in the seeond unit of time, — 
one fifth as great as the amount of space described in the third 
unit of time, and so on, — ^the amount of space described in the 
successive units of time increasing in value as the odd numbers in 
their order increase, — ^thus — i — 3 — 5 — 7 and so on ; and at any 
given distance, the amount of space described in any unit of time 
during the operation, may be denominated an increment of space. 

Hence when the distance at which the fall begins is one unit, the 
first increment is equal to the first unit of space; when the 
distance is two units, the first unit of space consists of two incre- 
ments, — and the first incronent is but one fourth of the first unit 
of space ; wh^i the distance is three units, the first unit of space 
c(Miasts of three increments — and the first increment is but one 
ninth of the first unit of spaee, and so on — until when the distance 
is sixty units, the first unit of space consists of sixty incre- 
ments, — and the first increment is but 1-3600 part of the first unit 
of ^ace. 

It is therefore manifest that space is described at the surface of 
the earth 3,600 times as fast as at the distance of the moon. 

In any given operation, the amounts of force expended on the 
several increments of space, are equal, one with another : Hence 
in any given operation, the amount of space described, constan% 
incareafies as the square of the amount of fdrce expended in- 
creases. 

If the fall commences at the surface of the earth, ih^, however 
6r the operation may be continued, one unit of force is exp^ded 
on one increment of space, — and consequently, at any instant of 
time during the operation, the amount of space described is the 
square of the amount offeree expended. 

And such is as necessarily the case at any other distance as at 
the surface of the earth ; for any other distance may as well be 
assumed at one unit of distance as at the surface of the earth, — aa 
the distance of the moon for example, in which case if 15 1-12 
Parisian feet were still retained as the unit of space, then one 
minute would be one unit of time. 

Hence the principle is general — ^viz. at whatever distance tho 
fall may commence — at any stage of the operation, however far 
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oontinued, the amount of space described is the square of the 
amount of force expended in its description : Nor can such be the 
case otherwise than upon the principle that the rate of force va- 
ries inversely as the distance varies ; and consequently, that the 
same amount of force is expended on the first unit of space, or 
in the specific operation, at one distance as at another : The dis- 
tance having no other effect in the operation than that of varying 
the rate of force ; the time spent in the operation being the recip- 
rocal of the rate of force. 

As the rate of force applied is always necessarily increased m 
the amount offeree expended in a given time is increased, — or as 
the amount of force expended in a given time is increased as the 
rate of force applied for the given time increased, — Whence the 
rate of force in descending from the distance of the moon to the 
surface of the earth is increased in the same proportion that the 
amount of force expended in one unit of time at the surface of the 
earth, for example, exceeds the amount of force expended in 
one unit of time at the distance of the moon, — ^which amount of 
force expended in the first unit of time at the sur&ce of the earth 
is sixty times greater than at the distance of the moon, because it 
will describe 3,600 times the space : And in such case, the whole 
office of distance consists in varying the rate of force. 

Hence the rate of force at the surface of the earth must be 
60 times as great as at the distance of the moon, in order that the 
amount of force expended in a ^ven time at the surface of the 
earth may be 60 times as great as at the distance of the moon. 

Finally, — ^the gravity of the body, or rate of force, varies in- 
versely as the distance varies, for the reason that the time is as the 
distance, or varies with the distance ; That is, the numberof units 
of time spent in the specific operation, vis. in the description of 
the first unit of space, is always equal to the number of unita 
in tile distance at which the fall commences. 

Thus we proceed upon the principle that when the distance is 
one unit, the time spent in the specifie operation is one unit ; 
when the distance is two units, tiie time spent in the q>ecifio ope- 
ration is two units, and so on. 

And as the whole time spent ia a specific operation always 
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varies inverBely aa the irate of toree applied varies, hence, in 
ease of the falling body, as the time is as the distance, or varies 
with the distance, hence the distance varies inversely as the rate 
of force varies. 

Now some few of the consequences that would result from Mr. 
Maclaurin's exposition, are the following, viz : 

The gravity of the body would be 3,600 times as great at the 
surface of the earth as at the distance of the moon* 

The amount of force expended in one second of time at the sur. 
face of the earth would be equal to the amount expended in one 
hour at the distance of the moon. 

Sixty fold the amount of force would be expended in the de- 
scription of the first unit of space at the surface of the earth as at 
the distance of the moon. 

Amount of force would be dispensed with in the description of 
the first unit of space, just in proportion as the whole time spent 
in its description exceeds unity, or one unit of time ; and rate of 
force would be dispensed with in {proportion as the square of the 
whole lime exceeds unity ; thereby making the passive element 
of time, the principal operator in the description of space. 

The time spent in the specific operation would vary inversely as 
the amount of force expended in the operation varies ; and the 
square of the whole time spent in the specific operation would vary 
as the rate of force varies. 

Such, then, are some few of the consequences following from 
Mr. Maclaurin's exposition of the law of fiiJling bodies. 

Nevertheless, the time spent in the specific operation at any 
given distance, is the reciprocal of the rate of force applied ; and 
if the time spent in the specific operation is greater at one distance 
than at another, it is because the rate of force is proportionally 
less : If 60 fold the time be spent (the rate of force remaining the 
same,) 60 fold the amount of force will be expended — ^and 3,600 
fold the space will be described : And if the rate of force be in- 
creased 60 fold, (the time remaining the same,) 60 fold the amount 
of force will be expended — ^and 3,600 fold the space will be de- 
scribed. 

Note— Upon any hypothesb in regard to the law of gravity. 
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there is no difficulty in proportioning the elements of time, dis- 
tance, space and motion to each other. 

In case of the falling body, the rate of motion is properly as- 
sumed at unity when the distance is one unit : And as the mo- 
tion is properly referred to space described, the motion acquired in 
the description of the iSrst unit of space, is the proper standard by 
which to compute and proportion the rate of motion : Hence 
upon any hypothesis in regard to the law of gravity, the rate of 
motion will vary inversely as the distance varies, and consequently, 
inversely as the whole time varies in which the first unit of space 
is described. 

Thus when the first unit of space is described in two units of 
time, the rate of motion is but half as great as when the first unit 
of space is described in one unit of time. 

In any ^ven operation of the falling body, the motion acquired 
in the first unit of time, is numerically equal to the first increment 
of space, or space described in the first imit of time ; consequently 
the motion acquired in the first unit of time varies inversely a» 
the square of the distance varies ; whilst the motion acquired xst 
the first unit of space varies inversely as the distance varies. 

The motion acquired in the description of the first unit of 
space 'at the surface of the earth is 60 times as great as the mo- 
tion acquired in the description of the first unit of space at the 
distance of the moon : Hence the motion acquired in one seconci 
of time at the surface of the earth is equal to the motion acquired 
in one hour, or in 3,600 units of time at the distanee of the 
moon. 
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OF THE LAW OP ORAVITY IN CONFORMITY WITH 
XBPLER'S TWO LAWS OF PLANETARY MOTION. 

First — That the squares of the periods of the several planets of 
41 system are as the cubes of their mean distances from the sun or 
central force — ^whether the planets revolve in centric orbits, or in 
eccentric orbits— or some of them in centric, and others in eccen- 
tric orbits. 

Secondly — That the motion of a planet revolving in an eccen- 
tric orbit, varies inversely as the distance of the planet shall vary 
in its revolution round the sun. 

A planet revolving in an eccentric orbit, has its mean distance — 
its mean motion — ^and its mean force of gravity ; and the mean 
motion and mean force of a planet are its motion and force at its 
mean distance. 

The mean distance of a planet from the sun is, by any system, 
half the distance from the perihelion to aphelion ; for such is the 
mean distance implied in Kepler's first law : Hence neither the 
mean distance, mean force, or mean motion, is a mean propor- 
tional between the perihelion and aphelion distance, force or mo- 
tion : And the m/ean distance is here used wholly in conformity 
wijtb Kepler's first law \ and has nothing to do with the form of 
ihe orbit otherwise than that the orbit is eccentric. 

The mean distance — ^mean motion — and mean force of a planet 
4are proportioned to each other the same that they would be, 
were the planet to revolve in a centric orbit at such mean distance ; 
' Hence upon any hypothesis in regard to the law of gravity, the 
mean motion of the planet is the reciprocal of the square root of 
the mean distance ; for such is always the case with a planet re- 
Tolving in a centric orbit : Hence we have no difficulty in propor- 
tioning the period — ^the mean distance — and the mean motion, to 
^ach other. 

In proportioning the elements of a planet revolving in an eccen- 
tric orbit to each other, it is necessary to give its mean distance, 
and its perihelion distance. 

In a comparison of the elements of two or more planets re- 
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YolYing at different mem distances from the sun, each ele- 
ment of one of the planets is properly assumed at nnity, by 
which to proportion the elemmits of the other planet, viz., its 
period, — ^the length of its orbit, — ^the amount of force expended 
in the period, — ^the mean distance, — ^the mean force, — and mean 
motion : And when the mean distances of all the planets are 
proportioned to that of the planet whose mean distance is as- 
sumed at unity, — ^the square of the period of either planet of the 
system is the cube of its mean distance from the sun. 

Hence, in comparing and proportioning the elements of any 
individual planet with each other, we assume its mean dis- 
tance at such numerical value as we please, as at one or more 
units : And if the orbit be eccentric, we also give its perihelion 
distance 

Let a planet revolve in an orbit whose mean distance is four 
units, and whose perihelion distance is one unit, — ^in which case 
its period will be eight units, — ^and its mean motion will be half 
of unity. 

Now in such orbit, the motion and the force decrease while the 
distance increases, — and increase while the distance decreases ; 
and by Kepler's second law, the motion constantly varies inversely 
as the distance varies. 

By any hypothesis in regard to the law of gravity, the 
perihelion motion of the planet is two units, — ^its mean motion 
is half of unity, — and its aphelion motion is 2-7 of unity ; 
and by any hypothesis, the perihelion force of the planet is 
unity. 

If the force varies inversely as the distance varies, the peri- 
helion force is one unit — ^the mean force is half of unity, — and the 
aphelion force is .1-7 of unity ; but if the force varies inversely as 
the square of the distance varies, the perihelion force is one unit, — 
the mean force is 1-16 of unity, — and the aphelion force is 1-49 
of unity. 

If the force varies inversely as the distance varies, the 
force and motion preserve the same proportions to each other 
throughout the orbit, that they have at the mean distance; 
5 
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and such will be the case in any eccentric orbit, wbatever be 
its mean and perihelion distances ; that is, — ^the motion in- 
creases or decreases in the same ratio that the force does ; and 
either of them increase or decrease in the inverse ratio of the dis^ 
tance. 

If therefore the force of gravity varies inversely as the dis- 
tance varies, the mean force of a planet is always the square of 
the mean motion ; the force of gravity or rate of force is always 
the reciprocal of the distance at all points of the orbit ; the force 
of gravity varies as the motion varies, and either of them va- 
ries inversely as the distance of the planet varies in its orbit ; 
the amomit of force expended on the planet during its period is 
the cube root of the period, or is the reciprocal of the mean mo- 
tion ; and the space passed over or described by the planet during 
the period, is the square of the amount of force expended in the 
period. 

But if the force of gravity varies inversely as the square of the 
distance varies, then — ^the mean force of a planet is always the 
fourth power of its mean motion ; the force of gravity or rate of 
force, is the reciprocal of the square of the distance at all points 
of the orbit; the amount of force expended on the planet 
during its period, is equal to the mean motion, and consequent- 
ly the amount of force expended on a planet whose mean distance 
is four units, and its period is eight units, would be but half as 
great as the amount of force expended on a planet whose mean 
distance is one unit, and whose period is one unit. 

But let us refer to the acknowledged principle in regard 
to planetary force and motion, viz : That twice the motion 
of a planet revolving in a centric orbit, for example, requires 
quadruple the force to retain the planet in its orbit : Or if 
twice the mean motion be given to a planet, the mean force 
must be increased four-fold in order to retain the planet in its 
orbit. 

That is, so often as the mean motion is doubled, so often the 
mean force must be increased four-fold : So often as the mean 
uxotion shall be increased tlaree-fold, so often the mean force must 
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be increased nine-fold, and so on, in order to retain the planet in 
its orbit. 

Hence the only inference that can be drawn from this principle 
is, That at any possible distance at which a planet may revolve, 
the mean force is the square of the mean motion, — and not the 
fourth power of the mean motion. 

The hypothesis, therefore, which assumes that the force of grav- 
ity varies inversely as the square of the distance varies, makes 
distance an operator to the exclusion of force, in retaining a planet 
in its orbit, just in proportion as the mean distance is increased 
above unity. 
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